Abstract. We prove a generalized Mariño-Vafa formula for Hodge integrals over M g,γ−µ (BG) with G an arbitrary finite abelian group. This formula can be viewed as a formula for the one-leg orbifold Gromov-Witten vertex where the leg is effective. We will prove the orbifold Gromov-Witten/DonaldsonThomas correspondence between our formula and the formula for the orbifold DT vertex in [4] . We will also use this formula to study the local GromovWitten theory of an orbi-curve with cyclic stack points in a Calabi-Yau threeorbifold.
Introduction
The Gromov-Witten/Donaldson-Thomas correspondence conjectured in [27, 28] states that the GW theory and the DT theory of a smooth 3-fold are equivalent after a change of variables. By the results in [27, 32] , the correspondence for smooth toric 3-folds is equivalent to the algorithm of the topological vertex [2] . The GW/DT correspondence for smooth toric 3-folds is proved in [29] . For smooth toric CalabiYau 3-folds, the GW theory is obtained by gluing the GW vertex, a generating function of cubic Hodge integrals, and the DT theory is obtained by gluing the DT vertex, a generating function of 3d partitions. The GW/DT correspondence for smooth Calabi-Yau 3-folds can be reduced to the correspondence between the GW vertex and the DT vertex. The Mariño-Vafa formula, conjectured in [26] and proved in [21, 31] , can be viewed as a formula for the framed 1-leg GW vertex; it implies the correspondence between the 1-leg GW vertex and the 1-leg DT vertex.
A vertex formalism for the orbifold DT theory (resp. orbifold GW theory) of toric Calabi-Yau 3-orbifolds is established in [4] (resp. [33] ). For toric Calabi-Yau 3-orbifolds, the orbifold GW theory is obtained by gluing the GW orbifold vertex, a generating function of cubic abelian Hurwitz-Hodge integrals, and the orbifold DT theory is obtained by gluing the DT orbifold vertex, a generating function of colored 3d partitions. J. Bryan showed the orbifold GW theory of the local footballs (computed in [15] ) and the orbifold DT theory of the local footballs (computed in [4] ) are equivalent after a change of variables [3] . It is natural to ask if the GW orbifold vertex and the DT orbifold vertex are equivalent after a change of variables.
In this paper, we prove a generalized Mariño-Vafa formula, which can be viewed as a formula for the framed 1-leg GW orbifold vertex where the leg is effective, and prove a GW/DT correspondence in this case. The correspondence for the 1-leg Z 2 vertex is proved in [33] . We also use our generalized Mariño-Vafa formula to study the local Gromov-Witten theory of an orbi-curve with cyclic stack points in a Calabi-Yau three-orbifold. 1 1.1. Mariño-Vafa formula for Z a . Let M g,γ (BZ a ) be the moduli space of stable maps to BZ a where γ = (γ 1 , · · · , γ n ) is a vector of elements in Z a . Let U be the irreducible representation of Z a given by
Then there is a corresponding Hodge bundle
and the corresponding Hodge classes on M g,γ (BZ a ) are defined by Chern classes of E U ,
Similarly, for any irreducible representation R of Z a , we have a corresponding Hodge bundle E R and Hodge classes λ R i . Let M g,n be the moduli space of stable curves of genus g with n marked points and let ψ i be the i th descendent class on M g,n , 1 ≤ i ≤ n. Let ǫ : M g,γ (BZ a ) → M g,n be the canonical morphism. Then the descendent classesψ i on M g,n are defined byψ
where rk E R is the rank of E R determined by the orbifold Riemann-Roch formula. Let d be a positive integer and let µ = (µ 1 ≥ · · · ≥ µ l(µ) > 0) be a partition of d > 0 which means |µ| := l(µ) i=1 µ i = d. Now we require γ = (γ 1 , · · · , γ n ) be a vector of nontrivial elements in Z a and view µ as a vector of elements in Z a . Then for τ ∈ Z, we define G g,µ,γ (τ ) a as Introduce formal variables p = (p 1 , p 2 , . . . , p n , . . .), x = (x 1 , . . . , x a−1 ) and define
for a partition µ. Define generating functions
Our G(λ; τ ; p; x) a corresponds to the framed 1-leg orbifold Gromov-Witten vertex where the leg is effective. In this paper, we will prove the orbifold GW/DT correspondence between our GW vertex G(λ; 0; p; x) a and the 1-leg DT vertex V a ν∅∅ (q, q 1 , · · · , q a−1 ) which appears in Example 4.2 in [4] .
More precisely, let
,··· ,qa−1) be the corresponding reduced DT vertex. Then we have the following theorem:
where ξ a = e 2πi a , ω a = e πi a and z µ = | Aut(µ)|µ 1 · · · µ l(µ) . For a partition µ, χ µ denotes the character of the irreducible representation of
Then under the above change of variables, let
s ξ ′ is the Schur polynomial corresponding to the conjugate of ξ,
• ν,µ (λ) satisfies the following properties (see [22] )
By (1), (2) we have
We also define generating functions
The Mariño-Vafa formula for Z a is the following theorem
When a = 1 (and hence x = ∅),
where
. V ν (λ) has an interpretation in terms of quantum dimensions (see [21] and [31] )
, dim q R ν is the quantum dimension of the irreducible representation of S d index by ν, the product is over all the boxes x in the Young diagram associated to the partition ν and h(x) is the hook length of the box x. In this case, Theorem 1 is the original Mariño-Vafa formula in [21] and [31] . In [19] , G(λ; τ ; p; ∅) 1 and R(λ; τ ; p; ∅) 1 are denoted by G(λ; τ ; p) and R(λ; τ ; p) respectively.
In section 3, we will define a generating function K
• µ (λ; x) of relative GromovWitten invariants of (P 1 a , ∞). In section 4, we will prove the following Theorem which gives Theorem 1
By (1), (2), Theorem 2 is equivalent to
So Theorem 1 follows from (3) and the initial condition G
1.2. Abelian group G. Let G be an finite abelian group and let R be an irreducible representation φ R : G → C * with associated short exact sequence
Here we view µ as a vector of elements in
, if all monodromies around loops on the domain curve are contained in K 0, otherwise.
In the definition of G g,µ,γ (τ ) a,φ R , we have some freedoms of choosingμ and we set the following requirements:
j=1μ j ∈ K. So we can chooseμ such that φ R (μ) = µ still holds and
j=1 µ j = 0, then both M g,γ−μ (BG) and M g,φ R (γ)−µ (BZ a ) are empty and we chooseμ arbitrarily. We also define generating functions
The Mariño-Vafa formula for G is the following theorem Theorem 3 (Mariño-Vafa formula for G). [6] . This local theory is called local Calabi-Yau theory in [7] because the obstruction bundle in the definition of Z b d (g)− → α is a (non-compact) Calabi-Yau threefold. In [7] , the local Gromov-Witten theory of ordinary curves is solved without imposing the Calabi-Yau condition on the obstruction bundle.
We will define the relative local invariants Z [6] , where − → a = (a 1 , · · · , a r ) and γ = γ 1 + · · · + γ r . Then to determine the relative local invariants of all (X,
because of the gluing law in [6] . Define the generating function
We will use the Mariño-Vafa formula for Z a to calculate
The result is the following theorem:
where the change of variables is given in Theorem 2.1.
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Initial Value and Orbifold Gromov-Witten/Donaldson-Thomas Correspondence
The original GW/DT correspondence is conjectured in [27] and [28] , which states that the GW theory and the DT theory of a smooth 3-fold are equivalent after a change of variables. This conjecture is proven for smooth toric 3-folds in [29] . This result can be viewed as the equivalence of the GW theory and the DT theory of the non-orbifold topological vertex. In [4] , the DT theory of the orbifold topological vertex is established. We will prove the orbifold GW/DT correspondence between our GW vertex G(λ; 0; p; x) a and the one-leg DT vertex V a ν∅∅ (q, q 1 , · · · , q a−1 ) which appears in Example 4.2 in [4] . When a = 2, this correspondence is proven in [33] .
In [4] , the DT vertex
,··· ,qa−1) be the corresponding reduced DT vertex. The following theorem gives the orbifold GW/DT correspondence between G
is nonempty if and only if the parity condition
where the second equality holds by Mumford's relation [5] , the fourth equality holds by the fact that the degree of the map
is a 2g−1 [14] and the last equality holds by the string equation.
So we have
| where the second equality holds by the fact (see [11] )
Note that
. By taking the product of this identity for l = 1, · · · , a − 1, we obtain
Thus we have
where the second identity can be found in [25] ,
Recall that
Therefore, the initial condition G 
Moduli Spaces of Relative Stable Morphisms
3.1. Moduli spaces. Fix an integer a ≥ 1. Let P 1 a be the projective line P 1 with root construction [8] of order a at 0. For an integer m > 0, let
be the union of P 
as Cartier divisors. In order for the moduli space M g,γ (P 1 a , µ) to be non-empty, we must have the parity condition
We will also consider the disconnected version M , µ) , where the domain curve C is allowed to be disconnected with 2(h 0 (O c ) − h 0 (O c )) = χ. Similarly, if we specify ramification types ν, µ over 0, ∞ ∈ P 1 , we can define the corresponding moduli spaces M g,0 (P 1 , ν, µ) and M 
The branch morphism and double Hurwitz numbers. Similar to the case of M g,γ (P 
Recall that the disconnected double Hurwitz number is defined by
In [22] , the following Proposition is proved Proposition 3.1.
where ψ 0 is the target ψ class, the first Chern class of the line bundle L 0 over M
is the cotangent line T * q 0 m 0
The following Burnside formula will also be used (see [10] )
where Φ 
a and p 0 is the stack point of P 
It is easy to see that the rank of the obstruction bundle
We lift the C * -action to the obstruction bundle V . It suffices to lift the C * -action on P at p 0 and p 1 be τ and τ , respectively, where τ ∈ Z. In other words, if we write the obstruction bundle in the form of equivariant divisors, we have
Then K
• χ,µ,γ is a topological invariant. We will calculate K
• χ,µ,γ in the next section by virtual localization. Define the generating function K
Virtual localization
In this section, we calculate K
• χ,µ,γ by virtual localization. We will express K
in terms of one-partition Hodge integrals and double Hurwitz numbers. Then we can obtain Theorem 2 by Burnside formula.
Fixed points.
The connected components of the C * fixed points set of M
• χ,γ (P 1 a , µ) are parameterized by labeled graphs. We first introduce some graph notations which are similar to those in [21] .
a , µ) be a fixed point of the C * -action. The restriction of the map
. to an irreducible component of C is either a constant map to one of the C * fixed points p 0 , p 1 or a cover of P 1 a which is fully ramified over p 0 and p 1 . We associate a labeled graph Γ to the C * fixed point
(1) We assign a vertex v to each connected component C v off −1 ({p 0 , p 1 }), a label i(v) = i iff (C v ) = p i , where i = 0, 1, and a label g(v) which is the arithmetic genus of C v (We define g(v) = 0 if C v is a point). For i(v) = 0, we assign a set n(v) of marked points on C v . Denote by V (Γ) (i) the set of vertices with i(v) = i, where i = 0, 1. Then the set V (Γ) of vertices of the graph Γ is a disjoint union of V (Γ) (0) and V (Γ) (1) . For v ∈ V (Γ) (0) define
We assign an edge e to each rational irreducible component C e of C such thatf | Ce is not a constant map. Let d(e) be the degree off | Ce . Thenf | Ce is fully ramified over p 0 and p 1 . Let E(Γ) denote the set of edges of Γ. (3) The set of flags of Γ is given by
and let ν(v) be the partition of d(v) determined by {d(e) : (v, e) ∈ F (Γ)} and let ν be the partition of d determined by {d(e) : e ∈ E(Γ)} . When the target is P 
1 . Let M νi be the moduli space of C * -fixed degree ν i covers of P 1 a with stack structure given by ν i (moda). Then the C * -fixed locus can be identified with
whereĪBZ a is the rigidified inertia stack of BZ a . Therefore, we can calculate our integral over
provided we include the following factor 
where n l is the number of nodes over p (l)
1 . LetB i denote the moving part of B i under the C * -action. Then we have (see Appendix A in [21] )
where e T denotes the C * -equivariant Euler class. Note thatB 3 = 0, and
In this case,
where q v and q (v,e) are the corresponding nodes. The corresponding long exact sequence reads
The term
is not a stack point. So
.
where x = x − [x] and δ v = 1, if all monodromies around loops on C v are trivial 0, otherwise.
So we have the following Feynman rules:
A e , where
The target is
, we also have a similar long exact sequence
has the same expression as in the previous case. Finally,
where ψ 0 is the target ψ class as in section 3.3. Note that ψ 0 = d(e)ψ (v,e) for v ∈ V (Γ) (1) , (v, e) ∈ F . Therefore, we have the following Feynman rules:
a ] .
4.3.
The bundle V D . The short exact sequence
gives rise to a long exact sequence
The representations of
where k is the number of connected components of C. So
In this case, the number of connected components of C is |V (Γ) 0 |. Consider the normalization sequence
The corresponding C * -representation of the long exact sequence reads
where 1 denotes the trivial representation of Z a . Therefore, we have
We have the following Feynman rules:
The corresponding long exact sequence reads
,
We have a similar long exact sequence
4.5.
Contribution from each graph. By Mumford's relation [5] , we have
This finishes the proof of Theorem 2.
In the proof of Theorem 2, we used the following convention for the unstable integrals
Abelian groups. We generalize the Mariño-Vafa formula to arbitrary finite abelian groups. Let G be an finite abelian group and let R be an irreducible representation φ R : G → C * with associated short exact sequence
The following results are shown in [14] Lemma 4.1.
denotes the Hodge bundle on M g,γ (BG) (resp. M g,γ (BZ a )) corresponding to the representation R (resp. U ).
Here we view µ as a vector of elements in Z a .μ is required to satisfy conditions (1), (2) in section 1.2 which imply that M g,γ−μ (BG) and M g,φ R (γ)−µ (BZ a ) are both empty or both nonempty. Then we have
This finishes the proof of Theorem 3. where − → a = (a 1 , · · · , a r ). The only difference between our definition and the nonorbifold definition in [6] is that there are two additional indices − → a and γ in our definition. Note that I(X, − → α ) has rank b when restricted to the components of M The only difference between Proposition 5.1 and the gluing law in [6] is that there is an additional splitting of − → a = (a 1 , · · · , a r ). The proof of Proposition 5.1 is the same as that of the gluing law in [6] .
5.2.
Calculation of Z d (0)(λ; x) (µ),(a) . In [7] , the local Gromov-Witten theory of ordinary curves is solved even without imposing the Calabi-Yau condition on the obstruction bundle. So in order to determine the relative local invariants of all (X, p 1 , · · · , p r , q 1 , · · · , q s ), we only need to calculate Z d (0)(λ; x) (µ),(a) because of the gluing law.
Recall that we have defined 
